PRIMITIVE GRAPHS WITH SCRAMBLING INDEX 1 by Sumardi, Hari et al.
Bulletin of Mathematics
Vol. 06, No. 01 (2014), pp. 15–21.
PRIMITIVE GRAPHS WITH SCRAMBLING
INDEX 1
Hari Sumardi, Nadya V. Walni, and Mardiningsih
Abstract. A connected graph is primitive provided there is a positive integer `
such that for each pair of vertices u and v there is a walk of length m connecting u
and v. The scrambling index of a primitive graph G is the smallest positive integer
k such that for each pair of vertices u and v there is a vertex w such that there
exist a walk of length k connecting u and w and a walk of length k connecting v and
w. We first characterize primitive graphs with scrambling index 1. Based on this
characterization we determine the sparsest primitive graph with scrambling index 1.
Finally, we determine the number of primitive graph on n vertices with scrambling
index 1.
1. INTRODUCTION
Let G(V, E) denote a graph on n vertices. Loops are allowed but no
parallel edges. The number of edges in G is called the size of G. Let u
and v be any vertices in G, a walk W of length t connecting u and v is
a sequence of vertices u = u0, u1, u2, . . . , ut = v and a sequence of edges
{u0, u1}, {u1, u2}, . . . , {ut−1, ut}, where the vertices and the edges are not
necessarily distinct. A walk W connecting u and v is denoted by Wuv . A
walk connecting u and v is closed whenever u = v, and is open otherwise.
A path Puv connecting u and v is a walk Wuv with distinct vertices, except
possibly u = v. A cycle is a closed path. The length of a walk Wuv is
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the number of edges in Wuv, and is denoted by `(Wuv). A walk Wuv with
sequence of edges {u = u0, u1}, {u1, u2}, . . . , {ut−1, ut = v} is also denoted
by Wuv : u = u0− u1− u2− · · ·− ut−1 − ut = v or u
Wuv
−− v. For simplicity a
walk of length t connecting u and v is denoted by u
t
−− v walk. A triangle is
a cycle of length 3. The distance between vertices u and v, denoted d(u, v),
is the length of the shortest path connecting u and v. The diameter of a
connected graph G, diam(G), is defined to be diam(G) = maxu,v{d(u, v)}.
A graph is G connected provided that for each pair of vertices u and v
in G there is a u−−v walk in G. A connected graph G is primitive provided
there is a positive integer ` such that for each pair of vertices u and v in
G, there is a u
`
−− v walk. The smallest of such positive integer ` is the
exponent of G and is denoted by exp(G). It is well known (see e.g. [1]) that
a graph G is primitive if and only if G has a cycle of odd length.
In 2009, Akelbek and Kirkland [2, 3] introduced the notion of scram-
bling index of graph. The scrambling index of a primitive graph G, denoted
by k(G), is the smallest positive integer k such that for any pair of distinct
vertices u and v in G there exists a vertex w such that there is a u
k
−− w
walk and a v
k
−− w walk.
Chen and Liu [4] have shown that for a primitive digraph G on n
vertices with the smallest cycle of length s, then k(G) ≤ (s − 1)/2 + n −
s. They also characterize primitive graph that attains the upper bound
(s − 1)/2 + n − s. In this paper we discuss primitive graph with smallest
scrambling index. In Section 2, we discuss a lower and an upper bound for
scrambling index. Section 3 discusses a necessary and sufficient condition
for a primitive graph to have scrambling index 1. Finally, in Section 4 we
present all primitive graphs with scrambling index 1.
2. NECESSARY BACKGROUND
For a pair of distinct vertices u and v in G the local scrambling index
of u and v is the number
ku,v(G) = min
w∈V (G)
{k : there are u
k
−− w walk and v
k
−− w walk}.
We note that if the local scrambling index of u and v is ku,v(G), then for
any positive integer ` ≥ ku,v(G) we can find a vertex w
′ such that there is a
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walk u
`
−− w′ and v
`
−− w′. This implies
k(G) = max
u,v∈V (G)
{ku,v(G)}.
Proposition 2.1 Let G be a primitive graph. Then k(G) ≥ ddiam(G)/2e.
Proof. Let u and v be vertices in G such that d(u, v) = diam(G). If d(u, v)
is even, then ku,v(G) = diam(G)/2. If d(u, v) is odd, then the shortest even
length walk Wuv connecting u and v is of length at least diam(G) + 1. This
implies ku,v(G) ≥ (diam(G) + 1)/2. Therefore, k(G) ≥ ddiam(G)/2e.
Proposition 2.2 Let G be a primitive graph and k′ be an even positive
integer. If for each pair of vertices u and v in G there is an even walk Wuv
of length `(Wuv) ≤ k
′, then k(G) ≤ k′/2.
Proof. Let u and v be any two vertices in G and let Wuv be an even walk
u = v0−v1−v2−· · ·−v2m−1−v2m = v for some positive integer m of length
`(Wuv) ≤ k
′. Let C2 be the cycle v2m − v2m−1 − v2m of length 2. Then the
walk W ′uv that starts at u, moves to v along the walk Wuv and then moves
k′− `(Wuv) times around the cycle C2 is a u−−v walk of length k
′. Since k′
is even, there is a vertex w such that there is a u−−w walk of length k′/2
and there is a v−−w walk of length k′/2. Hence k(G) ≤ k′/2.
3. NECESSARY AND SUFFICIENT CONDITIONS
In this section we characterize all primitive graphs with scrambling
index 1. For the rest of the paper we assume V (G) = {v1, v2, . . . , vn}.
Theorem 3.1 Let G be a primitive graph on n ≥ 3 vertices without loop.
The scrambling index k(G) = 1 if and only if G satisfies the following two
conditions.
1. Each vertex in G lies on a triangle.
2. For each two vertices vi and vj that lie on different triangles, there is
a vi
2
−− vj walk.
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Proof. Let k(G) = 1 and let vi be any vertex in G. Since G is connected,
there is a vertex vj in G such that vi − vj is an edge of G. Since k(G) = 1
and G does not have loops, there is a vertex vr different from vi and vj
such that vi − vr and vj − vr are edges in G. This implies that the edges
vi − vj , vi − vr, and vj − vr form a triangle in G. Thus every vertex lies on
a triangle. Let vx and vy be two vertices in G that lie on different triangles.
Since k(G) = 1, there is a vertex vz in G such that vx − vz and vy − vz are
edges in G. This implies the walk vx − vz − vy is vx
2
−− vy walk.
Now assume that G is primitive and satisfies conditions (1) and (2).
Since diam(G) ≥ 1, Proposition 2.1 implies that k(G) ≥ 1. For each pair of
distinct vertices vi and vj we show that there is a vi−−vj walk of length 2.
If vi and vj lie on a triangle, then there is a vertex vr on the triangle such
that there exist a vi − vr walk and a vj − vr walk. So kvi,vj(G) = 1. If vi
and vj lie on different triangles, then condition (2) guarantees that there is
a vi
2
−− vj walk in G. Proposition 2.2 guarantees that k(G) ≤ 1.
Notice that the requirement in Theorem 3.1 that G is loopless is nec-
essary. Consider the graph Ln on n vertices with edge set
{v1 − v1} ∪ {v1 − vi : i = 2, 3, . . . , n}
as shown in Figure 1. The graph Ln is a primitive graph with k(Ln) = 1,
however Ln has no triangles. Thus Ln does not satisfy condition (1) in
Theorem 3.1.
v1
v
n
v3
v2
Figure 1: The graph Ln
4. GRAPHS WITH SCRAMBLING INDEX 1
In this section we discuss primitive graphs with scrambling index 1.
First we present sparsest primitive graphs on n vertices with scrambling
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index 1. For positive integer n ≥ 3 we define the graph Sn to be a primitive
graph on n vertices such that k(Sn) = 1 and has minimum size among all
primitive graphs G on n vertices with k(G) = 1. By Theorem 3.1 Sn must
contain a triangle. Specifically we have S3 to be a triangle v1− v2− v3− v1.
Notice that, by considering Theorem 3.1, S4 can be constructed by joining
the path v1−v4−v3 into S3, i.e S4 = S3∪{v1−v4−v3} as shown in Figure 2.
v1
v2
v3 v1
v2
v3
v4
Figure 2: The graphs S3 and S4
Let G be a primitive graph on n = 5 vertices and k(G) = 1. Consid-
ering Theorem 3.1 there are two ways in constructing G. We can joint S3
with a triangle, that is G = S3 ∪{v1− v4− v5− v1} or we can joint S4 with
a path that is G = S4 ∪ {v1 − v5 − v4} as shown in Figure 3. Hence we
conclude that S5 = S3 ∪ {v1 − v4 − v5 − v1}.
v1
v2 v3
v4
v1
v2
v3
v4
v5 v5
Figure 3: Graphs G on 5 vertices with k(G) = 1
In a similar fashion S6 can be constructed from the grap G = S4 ∪
{v1 − v5 − v6 − v1} or G
′ = S5 ∪ {v1 − v6 − v5}. Notice that G and G
′
are isomorphic. In general for i ≥ 5, Si can be constructed by joining a
triangle to Si−2. We have the following result for sparse primitive graph
with scrambling index 1.
Theorem 4.2 Let Sn be a loopless primitive graph on n ≥ 3 vertices with
k(Sn) = 1. The minimum size of Sn is (3n − 3)/2 whenever n is odd and
the minimum size of Sn is (3n− 2)/2 whenever n is even.
Proof. Notice that for n = 3 and n = 4, the graph S3 and S4, respectively,
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is a loopless primitive graph with the scrambling index 1 and has minimum
size. We note that the size of S3 is 3 = (3(3) − 3)/2, and the size of S4
is 5 = (3(4) − 2)/2. For n ≥ 5, the loopless primitive graph Sn can be
constructed using the following algorithm.
if n is odd
G := S3; k := (n− 3)/2;
for i = 1 to k
∆i := v1 − v2i+2 − v2i+3 − v1
G := G ∪∆i
else
G := S4; k := (n− 4)/2;
for i = 1 to k
∆i := v1 − v2i+3 − v2i+4 − v1
G := G ∪∆i
Sn := G
The algorithm starts with G = S3 when n is odd, and starts with
G = S4 when n is even. In each iteration a triangle that contains the vertex
v1 and two new vertices is joined to G. This implies in each iteration every
vertex of G lies on a triangle. Moreover, since v1 lies on each triangle, then
for any pair of vertices vi and vj that lies on different triangles the walk
vi − v1 − vj is a vi
2
−− vj walk. Theorem 3.1 guarantees that the graph G
resulted from the algorithm has k(G) = 1.
We now consider the graph G′ = G− e where e is any edge in G. We
will show that k(G′) > 1. Suppose n is odd, then e must lie on the triangle
v1 − v2i − v2i+1 − v1 for some 1 ≤ i ≤ (n− 1)/2. If e is the edge v1 − v2i or
v1 − v2i+1, then there is no v2i
2
−− v2i+1 in G
′. If e is the edge v2i − v2i+1,
then there is no v1
2
−− v2i walk in G
′. Theorem 3.1 implies that k(G′) > 1.
We now assume that n is even. If e lies on some triangle v1 − v3+2i −
v4+2i − v1, 1 ≤ i ≤ (n − 4)/2, then the same reasoning as in case where n
is odd show that k(G′) > 1. Suppose now that e lies on the subgraph S4 of
G. If e is the edge v1− vj, j = 2, 4, then there is no v3
2
−− vj walk in G
′. If
e is the edge v3 − vj , j = 2, 4, then there is no v1
2
−− vj walk in G
′. Finally
if e is the edge v1 − v3, then there is no v1
2
−− v4 walk in G
′. Theorem 3.1
implies that k(G′) > 1.
Therefore, Sn = G has minimum size among all loopless primitive
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graphs G on n vertices and with the scrambling index 1.
We note that in each iteration, the graph G has three more edges than
on the previous iteration. This implies when n is odd we have |E(Sn)| =
3 + 3(n − 3)/2 = (3n − 3)/2, and when n is even we have |E(Sn)| = 5 +
3(n− 4)/2 = (3n− 2)/2.
Corollary 4.1 Let n ≥ 3 be a positive integer and let Kn(G) be the number
of primitive graphs with scrambling index 1. Then
Kn(G) =
{
(n2 − 4n+ 5)/2 if n is odd
(n2 − 4n+ 4)/2 if n is even.
Proof. Let G′ be a graph obtained by inserting any additional edges to
Sn. Then by Theorem 3.1 we have k(G
′) = 1. Since we may add as many
as
(
n
2
)
− |E(Sn)| edges, then Kn(G) = (n
2 − 4n + 5)/2 when n is odd and
Kn(G) = (n
2 − 4n+ 4)/2 when n is even.
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